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Understandin
g How To
Find The
Domain Of A
Function
Algebraically

Mathematics often feels
like a language of its
own, and functions are
among its most
fundamental sentences.
Every function tells a
story about the
reIationship between
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every story has
boundaries. In the world
of functions, those
boundaries are called the
domain. If you have ever
wondered how to find the
domain of a function
algebraically, you are
about to unlock a skill
that will sharpen your
mathematical intuition
and help you solve
problems with
confidence. Whether you
are a student preparing
for an exam or someone
revisiting algebra,
mastering this concept is
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a function is simply the
set of all possible input
values—usually  x-
values—that produce a
valid output. While
graphing a function can
give you a visual idea of
its domain, the algebraic
approach is far more
precise and does not rely
on sketches or
technology. This article
will walk you through
everything you need to
know about finding the
domain of a function
using algebraic methods
alone.

What Exactly
Is the
Domain of a
Function?

Before diving into the
how, it helps to clarify
the what. In algebra, a
function is typically

written as f(x) =
something. The variable
X represents the input,
and f(x) is the output.
The domain is the
complete set of values
that x can take so that
the function is defined
and yields a real number.
If a particular x-value
causes the function to be
undefined—for example,
dividing by zero or taking
the square root of a
negative number—that
value is excluded from
the domain.
Understanding how to
find the domain of a
function algebraically
means learning to
identify these problem
spots and express the
domain in mathematical
notation.

Why Find the
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Algebraically

You might ask: why not
just look at a graph?
While graphing is helpful,
it is not always practical
or exact. Graphs can be
misleading if not drawn
carefully, and many
functions are too
complex to sketch easily.
Algebraic methods give
you absolute certainty.
They allow you to
determine the domain of
any function, no matter
how complicated, by
analyzing its formula
directly. This is especially
important in higher-level
mathematics, where
functions become more
abstract. Knowing how to
find the domain of a
function algebraically is
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calculus, trigonometry,
and beyond.

The General
Rules for
Finding the
Domain
Algebraically

When you approach any
function, there are three
main mathematical
operations that can
restrict the domain. By
checking for these, you
can systematically
determine which x-
values are allowed.
These restrictions arise
from:

¢ Division by zero:
Any denominator
in the function
cannot equal zero.
e Even roots

{square roots,
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Algeliareally:

etc.): The radicand
(the expression
inside the root)
must be greater
than or equal to
zero.
 Logarithms: The
argument of a
logarithm must be
strictly positive.

By keeping these three
rules in mind, you can
learn how to find the
domain of a function
algebraically for almost
any scenario. Let us
examine each type of
function in detail.

How To Find
The Domain
Of A
Function

Polynomial
Functions

Polynomial functions are
the simplest case. A
polynomial is any
function of the form f(x)
= anx™n + a_(n-1)
x~(n-1) + ... +a 1lx+
a_o0, where the
exponents are whole
numbers. Examples
include f(x) = 3x~2 - 5x
+ 2 and g(x) = x™3 + 4x
- 7. For polynomial
functions, there are no
denominators, no even
roots, and no logarithms.
Therefore, the domain is
all real numbers, which
we write in interval
notation as (-», ).
There is simply no x-
value that will make a
polynomial  undefined.
This is the easiest
application of how to find
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algebraically because the
answer is always the
same: all real numbers.

How To Find
The Domain
Of A
Function
Algebraically:
Rational
Functions

Rational functions
introduce the first
restriction: division by
zero. A rational function
is a fraction where the
numerator and
denominator are both
polynomials. For
example, f(x) = (x + 2) /
(x - 3). To find the
domain algebraically, set
the denominator equal to

zero and -solve- for X

values that must be
excluded. In this
example, the
denominator is x - 3.
Setting it equal to zero
gives x = 3. Therefore,
the domain is all real
numbers except 3. In
interval notation, this is
(-0, 3) U (3, o).

Let us try a slightly more
complicated example:
f(x) =(x~2-1)/(x"2 -
4). Set the denominator
equal to zero: x™2 - 4 =
0. Factor to get (x - 2)(x
+ 2) = 0. The solutions
are x = 2 and x = -2.
Both are excluded from
the domain. So the
domain is all real
numbers except 2 and
-2. In interval notation: (-
©, -2) U (-2, 2) U (2, =).
This step-by-step
approach is the core of
how to find the domain
Of ceca e function

Downloaded from ges.cursor.cl by Bryan & Murray * Every
book is a new adventure. ¢ Page 5



Argebrabcally

expressions.

Sometimes the
denominator is more
complex. Consider f(x) =
(3X) / (x~2 + x - 6). Set
X~2 + x -6 = 0. Factor
toget (x + 3)(x - 2) = 0.
The excluded values are
= -3 and x = 2. The
domain is all real
numbers except -3 and
2. Always check if the
denominator can be
factored. Factoring is
your best tool when
learning how to find the
domain of a function
algebraically.

How To Find
The Domain
Of A
Function

Radical
Functions
with Even

Radical functions involve
roots. The critical
distinction is between
even roots (square roots,
fourth roots, etc.) and
odd roots (cube roots,
fifth roots, etc.). For even
roots, the expression
inside the radical must
be non-negative. For odd
roots, there is no
restriction—the domain
is all real numbers.

Consider f(x) = V(x - 5).
Because the index is 2
(an even number), the
radicand x - 5 must be
greater than or equal to
Zero. Solve the
inequality: x -5 =20
gives x = 5. In interval
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[5, ). The bracket
indicates that 5 is
included because the
square root of zero is
defined as zero.

Now consider f(x) = V(4 -
x”~2). Set the radicand =
0: 4 - x~2 = 0.
Rearranging gives x™2 =<
4, which means -2 <= x <
2. The domain is [-2, 2].
This shows how to find
the domain of a function
algebraically when the
radicand is a quadratic
expression.

For a function like f(x) =
V(Xx™2 -9), we set x"°2 -
9 = 0. Solving gives x"2
=29,sox=-3orx=3.1In
interval notation: (-, -3]
U [3, «). Pay attention to
the direction of the
inequality. This is a
common area where
mistakes happen when

algebraically.

For odd roots such as f(x)
= V(x - 4), the domain is
all real numbers because
cube roots are defined
for negative numbers as
well. No restrictions are
needed. This is an
important exception to
remember.

How To Find
The Domain
Of A
Function
Algebraically:
Logarithmic
Functions

Logarithmic functions are
another common source
of domain restrictions.
For a function like f(x) =

learningohow o find the (expressianinsidethe
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log) must be strictly
greater than zero. The
same applies to natural
logarithms, f(x) = In(x).

For example, f(x) =
log(2x - 6). Set the
argument greater than
zero: 2x - 6 > 0. Solve to
get x > 3. The domain is
(3, »). Notice that 3 is
not included because the
logarithm of zero is
undefined.

Consider f(x) = In(x"~2 -
4), Set x~2 - 4 > 0.
Solving gives x~2 > 4, so
X < -2o0rx>2.1n
interval notation: (-, -2)

U (2, ). Again, the
endpoints are not
included.

For f(x) = log(x™~2 + 1),
note that x~2 + 1 is
always positive for all
real x. Therefore, the
domain is all real
numbers. This is a good

example of how to find
the domain of a function
algebraically by
recognizing when a
restriction is
automatically satisfied.

How To Find
The Domain
Of A
Function
Algebraically:
Combined
Functions

Many functions combine
several of the above
elements. For example,
f(x) = V(x - 2) / (x - 5).
Here we have both a
square root and a
denominator. The square
root requires x - 2 = 0, so
X = 2. The denominator
requires x -5 # 0, so x #
5. The domain is the
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conditions: x = 2 and x #
5. In interval notation: [2,
5) u (5, »). Always
consider all restrictions
simultaneously. This is
the most important
strategy in how to find
the domain of a function
algebraically for
composite or combined
functions.

Another example: f(x) =
log(3 - x) / V(x + 1). The
logarithm requires 3 - x
> 0, so x < 3. The square
root requires x + 1 = 0,
so x = -1. The
denominator being a
square root also means
the radicand cannot be
zero in the denominator,
sox +1>0,giving x >
-1. Combining these: x >
-1 and x < 3, so the
domain is (-1, 3).

Let us try f(x) = V(x™2 -

1) L X2 - 4)..The.square .

0,sox=<-lorx=1.The
denominator requires
x*2-4#0,s50x#2and
X # -2. Note that -2 is
already excluded by the
square root condition
(since -2 < -1 is actually
allowed by the square
root, but the
denominator excludes it).
So the domain is (-, -2)
u(-2,-1]ull, 2)u (2,

®).
How To Find
The Domain
Of A
Function
Algebraically:
Functions

Involving
Absolute
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Absolute value functions
generally do not restrict
the domain because
absolute value is defined
for all real numbers.
However, when absolute
values appear in
denominators, you must
check for division by
zero. For example, f(x) =
1/ |x - 3]|. Set the
denominator equal to
zero: |x - 3| = 0 gives x =
3. So the domain is all
real numbers except 3.
In interval notation: (-,
3) U (3, «).

For f(x) = V(|x| - 2), set
x| -2 =0, so |x| = 2.
This means x < -2 or x =
2. The domain is (-, -2]
U [2, »). Absolute values
are handled just like any
other expression when
applying the standard
rules.

Exponential functions of

the form f(x) = a”x,
where a > 0 and a # 1,
have a domain of all real
numbers. There are no
restrictions because you
can raise a positive base
to any real exponent.
Similarly, functions like
f(x) = e~x or f(x) =
27 (x+3) have domain (-
©, o), However, if the
exponential appears in a
denominator, you must
check for that. For
example, f(x) =1/ (2"x
- 8). Set the denominator
to zero: 2”x -8 =0
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The domain is all real
numbers except 3. This
shows that even
exponential functions
can have restrictions
when they appear in
certain contexts.

Step-by-Step
Strategy:

How To Find
The Domain
Of A
Function
Algebraically

To summarize the
process, here is a clear
step
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