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Advanced Algebra Problems With
Solutions

Advanced Algebra
Problems With Solutions:
A Comprehensive Guide

Advanced  algebra,  often  referred  to  as
abstract  algebra  or  modern  algebra,
represents  a  significant  leap  from
computational  algebra  to  structural
r e a s o n i n g .  F o r  s t u d e n t s  a n d
mathematicians  alike,  tackling  advanced
algebra  problems  with  solutions  is  not
merely about finding the right answer—it is
about  understanding  the  underlying
algebraic structures such as groups, rings,
fields, and modules. This article delves into
carefully  selected  advanced  algebra
problems  with  solutions,  providing  clear,
step-by-step reasoning that illuminates key
concepts  while  adhering  to  SEO  best
practices. Whether you are preparing for a
qualifying  exam,  teaching  a  course,  or
simply  deepening  your  mathematical
intuition, these examples will illustrate how
abstract  theory  transforms  into  tangible
problem-solving skills.

Why Advanced Algebra Matters

Advanced algebra forms the backbone of
modern  mathematics,  cryptography,
coding theory, and even quantum physics.
By  working  through  advanced  algebra
problems with solutions, learners develop
the  ability  to  reason  axiomatically  and
construct  rigorous  proofs.  The  problems
presented here target  core topics:  group

actions,  ring  homomorphisms,  field
extensions,  and  Galois  theory.  Each
solution is  designed to be self-contained,
emphasizing logical flow and mathematical
elegance.  Let  us  begin  by  exploring  the
fundamental structures and then move to
concrete examples that demonstrate how
to  approach  and  solve  these  problems
effectively.

Foundations of Advanced
Algebraic Structures

Before  diving  into  specific  problems,  it  is
essential  to  revisit  the  building  blocks.
Advanced algebra problems with solutions
often  require  fluency  in  definitions  and
theorems.  Groups  are  sets  with  a  single
binary  operation  satisfying  closure,
associativity, identity, and inverses. Rings
add  a  second  operation  (multiplication)
with  distributivity.  Fields  are rings where
every nonzero element has a multiplicative
inverse.  Modules  and  vector  spaces
generalize  these  ideas.  The  following
subsections  present  typical  problems  for
each  structure,  along  with  detailed
so lut ions  that  h igh l ight  common
techniques.

Group Theory Problems and
Solutions

Problem 1: Let G be a group of order 28.
Prove  that  G  has  a  normal  subgroup  of
order 7.



Solution:  By  Sylow’s  theorems,  the
number of  Sylow 7-subgroups,  n_7,  must
satisfy n_7 ≡ 1 mod 7 and n_7 divides 4.
The possibilities are n_7 = 1 or n_7 = 4. If
n_7 = 1, the Sylow 7-subgroup is unique
and hence normal. If n_7 = 4, then there
are  4  subgroups  o f  order  7 ,  each
intersecting  trivially,  giving  4*(7-1)=24
elements of order 7. This leaves 28−24=4
elements of order dividing 4, which must
form  a  unique  Sylow  2-subgroup.  That
subgroup is normal because it  is  unique.
However,  we need a normal subgroup of
order 7. We must show that n_7 cannot be
4. Suppose n_7=4. Then the normalizer of
a  Sylow  7-subgroup  has  index  4,  so  its
order is 7. This implies that every Sylow 7-
subgroup  is  self-normalizing.  Using  a
counting argument on conjugacy classes,
one can derive a contradiction or use the
fact that the Sylow 2-subgroup of order 4
acts on the set of 4 Sylow 7-subgroups by
conjugation,  giving  a  homomorphism  to
S_4. The kernel of this action is a normal
subgroup of G contained in the Sylow 2-
subgroup, but that does not directly give a
normal  7-subgroup.  A  simpler  approach:
The number of elements of order 7 is 24 (if
n_7=4).  Any  group  of  order  28  has  a
normal  Sylow 7-subgroup (by  a  powerful
theorem: if p is the smallest prime dividing
|G|,  then  any  subgroup  of  index  p  is
normal?  Not  directly.  Actually,  7  is  the
largest prime; a group of order 28 always
has  a  normal  Sylow  7-subgroup.  Proof:
Consider the action of G on the set of left
cosets of a Sylow 7-subgroup H. This gives
a homomorphism φ: G → S_4. The kernel K
is contained in H. Since |H|=7, |K| is 1 or 7.
If |K|=7, then H=K is normal. If |K|=1, then
φ is injective, so |G| divides 24, impossible.
Hence H is normal. Thus the solution: G has
a normal subgroup of order 7. (Note: This is
a classic advanced algebra problem with a
solution that uses group actions.)

Problem 2: Let G be a finite group and H a
subgroup of index n. Prove that G contains
a normal subgroup N contained in H such
that [G:N] divides n!.

Solution: Consider the action of G on the
set  of  left  cosets  G/H.  This  yields  a
homomorphism φ: G → S_n (the symmetric
group on n letters). The kernel N = ker φ is
a  normal  subgroup  of  G  contained  in  H
(since  elements  of  H  fix  the  coset  H,  they
lie in the stabilizer, but the kernel is the
intersection  of  all  stabilizers,  which  is
contained  in  H) .  Moreover,  G/N  is
isomorphic to a subgroup of S_n, so [G:N] =
|G/N|  d iv ides  |S_n|  =  n! .  Th is  is  a
fundamental result often used in advanced
algebra problems with solutions involving
permutation representations.

Ring and Ideal Problems

Problem 3: Determine all prime ideals and
maximal ideals of the ring ℤ[x]/(x^2−2).

Solution:  The  ring  R  = ℤ[x]/(x^2−2)  is
isomorphic  to  ℤ[√2].  An  ideal  of  R
corresponds to an ideal of ℤ[x] containing
(x^2−2).  Prime ideals  in ℤ[x]  are of  the
form (p, f(x)) where p is prime or zero and f
is irreducible mod p. Because (x^2−2) is
irreducible over ℤ (by Eisenstein with p=2),
the  quotient  ℤ[x]/(x^2−2)  is  a  domain.
Prime ideals in ℤ[√2] correspond to prime
numbers  or  irreducible  elements.  Since
ℤ[√2] is a Dedekind domain, nonzero prime
ideals  are  maximal.  The  prime  ideals  of
ℤ[√2] are: (p) for a prime p that remains
prime in ℤ[√2] (i.e., x^2−2 irreducible mod
p),  and  (p,  √2−a)  for  p  where  2  is  a
quadratic residue mod p. More concretely,
we can describe: For a prime integer p, the
ideal  (p)  in  ℤ[√2]  is  prime  if  x^2−2  is
irreducible in ℤ/pℤ[x]; otherwise p factors
as (p, √2−a)(p, √2+a). In that case, those
factors  are maximal  ideals.  For  example,
p=2: x^2−2 ≡ x^2 mod 2, so (2, √2) is a



Advanced Algebra Problems With Solutions

Downloaded from ges.cursor.cl by Adrienne & Nathan • Read more, learn more. • Page 3

prime ideal? Actually 2 = (√2)^2, so 2 is
not prime. (2, √2) is maximal? In ℤ[√2], (2)
=  (√2)^2,  so  the  only  pr ime  ideal
containing 2 is (√2) which is maximal (since
quotient is ℤ/2ℤ). For p=7: 2 is a quadratic
residue mod 7? 3^2=9≡2 mod7, so x^2−2
= (x-3)(x+3) mod 7. Thus (7, √2−3) and (7,
√2+3) are maximal ideals. The zero ideal is
prime  but  not  maximal.  So  the  answer:
prime ideals are (0), (p) for primes p where
2 is not a quadratic residue mod p, and the
two maximal ideals for each p where 2 is a
residue.  Also  (√2)  is  prime  (since  it
corresponds  to  p=2).  This  problem  is  a
quintessential  example  of  advanced
algebra problems with solutions requiring
understanding of ring extensions.

Problem 4:  In  the ring ℤ[i]  of  Gaussian
integers, find all elements of norm 13.

Solution:  The  norm  N(a+bi)=a^2+b^2.
We need solutions to  a^2+b^2=13.  The
integer solutions: (±2,±3) and (±3,±2). So
the  elements  are  2+3i,  2−3i,  −2+3i,
−2−3i,  3+2i,  3−2i,  −3+2i,  −3−2i.  These
are associates under multiplication by units
{1,−1,i,−i}.  So  up  to  associates,  the
irreducible elements of norm 13 are 2+3i
and  3+2i,  which  are  not  associates
because 2+3i times i = −3+2i (which is not
3+2i). Actually check: (2+3i)*i = 2i+3i^2 =
−3+2i, so the set of associates for 2+3i is
{2+3i, −3+2i, −2−3i, 3−2i}. Similarly for
3+2i:  {3+2i,  −2+3i,  −3−2i,  2−3i}.  So
there  are  exactly  two distinct  irreducible
elements of norm 13 up to associates. This
is  a  straightforward  but  instructive
advanced algebra  problem with  solutions
that  practice  factorization  in  quadratic
integer  rings.

Field Extensions and

Galois Theory Problems

Problem 5: Degree of a Field
Extension

Let α be a root of x^3−3x+1 over ℚ. Find
the  minimal  polynomial  of  α^2  and
determine the Galois group of the splitting
field.

Solution:  First,  note  that  x^3−3x+1  is
irreducible over ℚ (rational  root  test:  ±1
not  roo ts ) .  Le t  α  be  a  roo t .  Then
[ℚ(α):ℚ]=3. Compute α^2. Let β = α^2.
We can express β in terms of α: α^3 =
3α−1. Multiply by α: α^4 = 3α^2−α. But
we need a relation for β. Use the fact that
the set {1, α, α^2} is a basis. So we can
write  β  =  α^2,  and  we  want  to  find  a
polynomial  satisfied by β.  Compute α^4 =
3α^2−α = 3β−α. Now α^6 = (α^3)^2 =
(3α−1)^2 = 9α^2−6α+1 = 9β−6α+1. Also
α^6  =  (α^2)^3  =  β^3.  So  β^3  =
9β−6α+1. But we have α in the expression.
We need to eliminate α. We can also find α
in  terms  of  β?  Alternatively,  use  the
minimal  polynomial  of  α  to  derive  the
minimal polynomial of α^2. A systematic
method: The conjugates of α are the other
two roots, which we can denote β and γ
(not  to  confuse).  Actually,  note  that  the
polynomial  x^3−3x+1  has  discriminant
81?  Let's  compute  discriminant:  D  =
−4*(-3)^3  −27*1^2  =  −4*(-27)−27  =
108−27=81, a square, so Galois group is
A_3, cyclic of order 3. The three roots can
be  expressed  using  tr igonometric
functions:  2cos(2π/9),  2cos(4π/9),
2cos(8π/9).  Indeed,  the  substitution
x=2cosθ  gives  8cos^3θ−6cosθ+1  =  0?
Actually cos3θ=4cos^3θ−


